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I. INTRODUCTION
Multiple scattering in disordered systems is a Geld of wide interest; it is studied in electronic, microwave, and optical systems. In the multiple scattering regime the main transport in transmission is through diffusion. Yet interference processes, possible by the underlying wave character, play an important role. This interference leads to interesting effects such as the enhanced backscatter cone [1 -3] , short-and long-range correlations [4 -8] , and strong localization. If interference occurs between diffusion paths, it causes large fluctuations. Most famous are the sample-to-sample fluctuations in the conductance of electronic systems, the so-called universal conductance fluctuations [9 -11] ,but also other transmission quantities are influenced by interference.
Recently, attention has been drawn not only to the variance of the fluctuations, but to all the distribution functions.
Examples are the intensity distribution in speckle patterns for classical waves [12, 13] and the conductance distribution for electronic systems [14] . The size of the fluctuations and the shape of the distribution are related to the "distance" from the localization transition. Far &om localization, diffusion channels are almost uncorrelated and fluctuations are small (except for the optical speckle pattern in the angular resolved transmission). The correlation between the channels increases if the localization is approached. The relevant parameter is the inverse dimensionless conductance 1/g, which can be interpreted as the chance that two channels interfere. The dimensionless conductance can be expressed in the thickness of the sample L, the mean &ee path E, and the number of channels N, 4me g = The number of channels is calculated in analogy with a waveguide, where it is unambiguously deGned. In the diffuse mesoscopic regime g will be a small parameter of our perturbation theory (experimentally this proved to be fully justified, as there g 10s [15] ). Close to An- derson localization g approaches unity and fluctuations increase. The central question is how the distributions change as the strong localization regime is approached [14, 16] .
Let us briefly review some characteristics of optical transmission distribution functions in the regime of moderate g. In the study of mesoscopic systems using light scattering, one takes a small sample with static scatterers. In order to average, one needs to sum over a large number of scatterer conGgurations.
In practice this is done by varying an external parameter such that the interference pattern is completely changed. , whereas in electronic systems it is common to vary the Fermi energy or apply a magnetic Geld; in optics one usually varies the wavelength of the light. In contrast to electronic systems, not only the conductance but three different transmission quantities can be measured in optical systems. (An exception is the very recent observation of electron speckle by Gao et aL [17] . ) First, the angular resolved transmission can be considered. If a laser shines on the sample, a speckle pattern is seen in the transmission. If one measures the intensity in an outgoing direction 6, this corresponds to measuring the angular transmission coeKcient T g, where a denotes the incoming and 6 the outgoing channel. The intensities in the speckle pattern have in zeroth order in g an exponential distribution (2) which is also known as the Rayleigh law. Deviations from this law occur if interference between the transmitted intensities, the diffuson propagators, is taken into account: the higher moments of the distribution function increase. Altshuler, Kravtsov, and Lerner [14] , who predict a log-normal tail for the tail of the distribution function. For the lower cumulants they predict that (g"),"oc (g "). Note, however, that the prefactors maybe zero, as Macedo [18] found that (gs Edrei, Kaveh, and Shapiro, who recovered the Gaussian distribution function, tending towards a log-normal distribution near the Anderson transition [19] . The full distribution function was recently derived [16] . It was shown that it has a log-normal distribution growth and an exponential tail.
Recently the third cumulant of the distribution was found experimentally by de Boer et al. [15] . In this paper we present the theoretical details of that work. We focus on the Gaussian distribution and the deviation &om the Gaussian due to the presence of the third cumulant. The structure of this paper is as follows. The difFusion in optical systems is described in Sec. II. In Sec. III the character of the probability distribution is discussed. In Sec. IV we calculate the second and in Secs. V and VI we calculate the third. cumulant of the probability distribution. 
III. CUMULANTS OF THE PROBABILITY DISTRIBUTION
In this section we introduce the probability distribution of the total transmission of scalar waves and we discuss some of its properties. The corrections for vector waves will be made in Sec. VIII. We will link the moments of the distribution to diagrams. The moments of the probability distribution P(T ) can be extracted as (T") = jdT P(T )T with approximate boundary conditions 8'" (0, 
The double angular brackets denote cumulants normalized to the average. Diagrammatically the second moment is depicted in Fig. 2 . The decomposition in cu- (T ) [28, 30] Taking only this second cumulant we find for the moment a Gaussian probability distribution in the plane wave limit [13] P 
xl-s(z')l-Ps'(z, z').
Although this corresponds to a local process (just one z coordinate is involved), it is of leading order. Together with the expression coming Rom H4(z') proportional to 8,8",we find for the total contribution of the process Fig. 3(d Fig. 3(c) ] and thus should not be counted. Yet this observation is useful to check the combinatorial ratio between the six-point vertex and the composed diagram: the forbidden dressing can be performed in three ways. As the diagrams can also be complex conjugated, there is also a factor 2 for all diagrams.
In the lowest order of (qI) we find for the six-point vertex Hikami 's original expression can be recovered &om this using momentum conservation. After a Fourier transformation in the z direction, the six-point vertex yields a contribution to the third cumulant ZVA ((T ))"=(T ) d [8"0"+B"B"+B"B" 
Here we use the fact that all outgoing diffuson propagators have zero transversal momentum. Therefore all Q;Q~t erms are absent. In the limit of an incoming plane wave we find a contribution to the third cumulant ((T. '))~= -5, .
The contribution from the source term, i.e. , Eq. (27) (37) which is the main result in this paper. We study again the behavior where the beam diameters are wide. In the limit of large beam diameter (po » L) one finds E3(0, 0, 0) = i5; this means for the third cumulant ((T )) = 4E (0, 0, 0)/3g or 
The experimental determination of the index of re&ac-tion of the sample, which determines zo, is difficult [32] . Fortunately, the correction is rather small for the experimental situation considered.
VIII. CONTRIBUTIONS FROM DISCONNECTED DIAGRAMS
So far the leading contributions to the second and the third cumulants have been calculated. They are given by the connected diagrams in Fig. 2(b) and Figs. 3(c) and 3(d), respectively. Yet there are also contributions to the second and the third cumulants &om disconnected diagrams. The diagram in Fig. 2(a) gives an additional contribution to the second cumulant and likewise the diagrams of Figs. 3(a) and 3(b) give a contribution to the third cumulant. These disconnected diagrams correspond to cumulant contributions that are not (fully) due to interference. They describe eKects that have little to do with the interference efFects we are after. Here we calculate their contribution and show that they are small. We first explain the contribution of Fig. 2(a) to [see Eqs. (9) and (21) The first term on the right-hand side is the connected diagram. It is clear that the second term, the diagram of Fig. 3(b) , gives a much larger contribution to the third cumulant than the third term, the diagram of Fig. 3(a) , as the diagram Fig. 3(b) is already enhanced by some interference. In the following we consider only the diagram of Fig. 3(b) .
As can be seen from Fig The integrand is dominated by its 6rst term, which is depicted in Fig. 7 Table I . This is the largest correction, which changes the prefactor some 10%%uo.
Second, we corrected for internal reflections according to Eq. (41). The third correction comes from the disconnected diagrams. The contributions &om the disconnected diagrams are substracted &om the measured cumulants.
After all these corrections the data should again obey the law {(T )) = 3.2 ((T )) . The results are plotted in Fig. 8 , where the points are the corrected data points and the line is the theoretical prediction. A least-squares fit gives ((T )) = (3.3 + 0. 6)((T )) .
Note that there is no adjustable parameter. We find that there is good agreement between experiment and theory.
All corrections are minor as compared to the error in the data; fitting the raw data is also in agreement with the theoretical value of 3.2. We recall that the major shift between fits of raw and corrected data comes from the beam diameter correction. Inspecting Fig. 8 one might be tempted to make a linear fit, but in Ref. [15] it was shown that this fit is statistically improbable.
We have calculated the second and the third cumulants of the distribution of the total transmission underlying the conclusions of Ref. [15] and compared it to the experimental data. Both cumulants are a consequence of interference between difFuse channels. They were calculated with a diagrammatic technique. The inverse dimensionless conductance, interpreted as an interference probability, is a perturbation parameter in the theory. The third cumulant is proportional to the second cumulant squared. We also found a nontrivial dependence on the profile of the incoming beam used. The cumulants were calculated for arbitrary beam diameter, but the inHuence of a finite focus on the ratio is rather weak. Also boundary reQections were included. Our calculations confirm that the main contributions come from diagrams with interference processes, i.e. , connected diagrams, as we have shown that the contributions &om disconnected diagrams is small. The experimentally found ratio of the third cumulant versus the second cumulant squared is well described by our theory.
The extension of the calculations to higher cumulants is straightforward. The nth cumulant will contain (n -1) Hikami four-point vertices. So the contribution is estimated to be ((T )) oc g . Also corrections and cancellations from higher-order vertices are present, but it is clear that the calculation becomes laborious at large n. Recently two of the authors discovered that all the cumulants of the distribution function can be mapped onto the moments of the eigenvalue distribution of the transmission matrix [16] . The eigenvalue distribution is bimodal and was first calculated using random matrix techniques [34] , but recently its validity beyond quasi-one-dimension was proven [35] . As the eigenvalue distribution is known, the entire distribution of the total transmission was calculated in the limit of broad beams. These results agree with calculations presented here for the first three cumulants. The experimental data thus also prove the first few moments of the eigenvalue distribution function. As only three moments are known, it is impossible to reconstruct the full eigenvalue distribution &om the experimental data. The present calculation leads us to assume that the eigenvalue distribution in a diagrammatic approach is also given by loopless connected diagrams. As the ratio of first few cumulants does not depend sensitively on the beam diameter, the results of Ref. [16] are probably also valid in the regime where the beam diameter becomes comparable to the sample thickness.
